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ON FUCHSIAN LOCI OF PSLn(R)-HITCHIN COMPONENTS OF
A PAIR OF PANTS
YUSUKE INAGAKI
Abstract. In this paper, we study Fuchsian loci of PSLn(R)-Hitchin compo-
nents. In particular, using the Bonahon-Dreyer’s parametrization of PSLn(R)-
Hitchin components, we give an explicit parametrization of Fuchsian loci of a
pair of pants.
1. Introduction
Let S be a compact oriented surface with negative Euler characteristic number.
The PSLn(R)-Hitchin component of S is a connected component of the PSLn(R)-
character variety
Xn(S) = Hom(pi1(S),PSLn(R))//PSLn(R).
Recall that the Teichmu¨ller space of S, denoted by T (S), which is the space of
marked hyperbolic structures on S, is identified with a connected component of
X2(S) (see [7] and [13]). In particular this component consists of discrete faithful
representations ρ which induce orientation-preserving isometries S ∼= H2/ρ(pi1(S)).
We call this component the Teichmu¨ller component, which we denote it by Fuch2(S),
and representations ρ : pi1(S) → PSL2(R) with [ρ] ∈ Fuch2(S) Fuchsian represen-
tations. Let ιn : PSL2(R) → PSLn(R) be the canonical n-dimensional irreducible
representation. This representation induces a map (ιn)∗ : X2(S) → Xn(S) by the
left composition. The PSLn(R)-Hitchin component of S, denoted by Hitn(S), is the
connected component of Xn(S) which contains the image (ιn)∗(Fuch2(S)) of the Te-
ichu¨ller component. Hitchin components were originally introduced in [12] and they
are now studied in several contexts such as a generalization of Teichmu¨ller theory,
and deformation theory of some geometric structures. For example, it is known that
Hitn(S) is diffeomorphic to a Euclidian space as in the case of Teichmu¨ller spaces
([12]), and Hitn(S) coincides with the deformation space of convex real projective
structures on S when n = 3 ([5]), and with the deformation space of convex foliated
projective structures on the unit tangent bundle T 1S when n = 4 ([11]).
In this paper we focus on Fuchsian loci of Hitchin components. The Fuchsian
locus in Hitn(S) is the subset defined by Fuchn(S) = (ιn)∗(Fuch2(S)). It is known
that Fuchsian loci have some interesting properties with respect to entropies and
metrics on Hitn(S) (see [2], [17], [18] and [22]). However it is unknown that how
Fuchsian loci lie in Hitchin components concretely. This paper gives an answer
of this natural question in the case of a pair of pants by parameterizing Fuchsian
loci. For the parameterization, we use Bonahon-Dreyer’s work [4] in which they
constructed a homeomorphic parameterization of Hitn(S) by a convex polytope
P in a Euclidian space. Under their parameterization, we detect the image of
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Fuchn(S) for general n ≥ 3 in the polytope P in the case of a pair of pants, which
is an explicit description of Fuchn(S).
Here we briefly review a history of studies of the Anosov property of elements
in Hitn(S), called Hitchin representations, which is used in the construction of
the Bonahon-Dreyer parameterization. In [12], Hitchin studied components of
PSLn(R)-character varieties Xn(S) and defined Hitchin components. He however
commented “Unfortunately the analytic point of view used for the proofs gives no
indication of the geometric significance of the Teichmu¨ller component” in the in-
troduction. (In [12], Hitchin used the term Teichmu¨ller components for Hitchin
components.) After Hitchin’s work, Labourie[15] found geometric and dynamical
meanings of Hitchin representations. He studied representations which induce flat
associated bundles with dynamical properties and showed that Hitchin represen-
tations were such representations. These representations are now called Anosov
representations and developed into various directions (see [9], [10] and [14]). We
remark that Fock-Goncharov [6] also studied properties of Hitchin representations
from a viewpoint of cluster theory and found positive properties of Hitchin represen-
tations around the same time. The dynamical properties of Anosov representations
are often called Anosov properties. An important point of the Anosov properties
is that we can take nice curves in flag varieties associated to Anosov representa-
tions. More concretely, for any Hitchin representation ρ : pi1(S)→ PSLn(R), there
exists a unique continuous ρ-equivariant map ξρ : ∂∞pi1(S) → Flag(Rn) with the
hyperconvex property (see [8] and [15]) where ∂∞pi1(S) is the Gromov boundary of
pi1(S) and Flag(Rn) is the set of flags in Rn. These curves are called by several
names such as flag curves, limit curves and Anosov maps. In this paper we call
such curves flag curves.
Bonahon-Dreyer used the Anosov property of Hitchin representations to parame-
trize Hitn(S). Let us explain an outline of the construction of their parametrization
and prepare some necessary notions to define it at first. We endow a marked hy-
perbolic structure S with m. An m-geodesic lamination on S is a disjoint family of
simple m-geodesic curves on S which are either biinfinite curves, called biinfinite
leaves, or closed curves, called closed leaves. We remark that there exists a natu-
ral bijection between the set of m-geodesic laminations and the set of m′-geodesic
laminations for different hyperbolic structures m and m′ of S. Therefore we call
an m-geodesic lamination a geodesic lamination simply. A geodesic lamination is
said to be maximal if it is contained in no other geodesic lamination properly. In
this paper we consider only laminations consisting of finitely many leaves which
induce an ideal triangulation on S. (General cases are discussed in [3].) Fix a
maximal lamination L on S whose biinfinite leaves and closed leaves are denoted
by h1, · · · , hs and g1 · · · , gt respectively. The lamination L induces an ideal trian-
gulation on S which consists of complementary ideal triangles T1, · · · , Tu. Under
these settings, Bonahon-Dreyer constructed two invariants called shearing invari-
ants and triangle invariants of Hitchin representations ρ, which are valued in R.
The shearing invariants of ρ are defined for leaves {hi, gi}, denoted by σρp(hi) and
σρp(gi) where p is an integer index with 1 ≤ p ≤ n − 1, and the triangle invariants
of ρ are defined for ideal triangles {Ti}, denoted by τρpqr(Ti, v) where v is an ideal
vertex of Ti and pqr is an index such that p, q, r ≥ 1 and p+ q + r = n. Bonahon-
Dreyer showed that the map ΦL sending [ρ] ∈ Hitn(S) to a point in a Euclidian
space, which is defined τρpqr(Ti, v), σ
ρ
p(hi) and σ
ρ
p(gi) of ρ for all Ti, v, hi, gi, is
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an onto-homeomorphism whose image is a convex polytope. More details of the
construction of the Bonahon-Dreyer parameterization will be given in Section 4.
The goal of this paper is to detect the image of the Fuchsian locus in Hitn(S) by
ΦL, i.e. to compute triangle and shearing invariants of Hitchin representations in
Fuchsian loci of a pair of pants concretely.
The result of our computation is as follows. At first, we parametrize the Fuchsian
representations of the fundamental group pi1(P ) of a pair of pants P which are
identified with hyperbolic structures of P . It is well known in hyperbolic geometry
that hyperbolic structures on P , which make the boundary of P totally geodesic,
are uniquely determined by the hyperbolic lengths of the boundary components of
P up to isometry. Therefore we can parameterize the Fuchsian representations by
the data of the hyperbolic lengths of the boundary components of P .
Proposition 1.1 (Proposition 5.1). Let m = (lA, lB , lC) be a triple of the hyperbolic
lengths of the boundary components A,B and C of P . Then Fuchsian representa-
tions associated to m are conjugate to the representation given as follows:
ρ(a) =
[
α αβγ + α−1
0 α−1
]
, ρ(b) =
[
γ 0
−β−1 − γ−1 γ−1
]
where a and b are generators of pi1(P ) which are the homotopy classes of the bound-
ary components A and B respectively, and α, β, γ : R3>0 → R>0 are defined by
α(lA, lB , lC) = e
lA/2, β(lA, lB , lC) = e
(lC−lA)/2, γ(lA, lB , lC) = e−lB/2.
To use the Bonahon-Dreyer parametrization, we take the geodesic maximal lam-
ination L on P which consists of three biinfinite leaves hAB , hBC and hCA, and
three closed leaves A,B and C (see Figure 5 in Section 5.1). The lamination L
induces an ideal triangulation which separates P into two ideal triangles T0 and T1.
When we apply the Bonahon-Dreyer parameterization to our case, ΦL is the map
defined by
ΦL([ρ]) = (σ
ρ
p(hAB), · · · , σρp(hBC), · · · , σρp(hCA), · · · , τρpqr(T˜0, v0), · · · , τρpqr(T˜1, v1), · · · )
The following theorem is the main result of this paper which is an explicit descrip-
tion of Fuchn(P ) in the Bonahon-Dreyer’s parameter space.
Theorem 1.2 (Theorem 5.3). The Bonahon-Dreyer coordinate ΦL([ρn]) of any
representation [ρn] ∈ Fuchn(P ) can be explicitly computed by using α, β and γ
which are the parameters of Fuchsian representations in Proposition1.1.
Especially we give general formulae of σρp(hAB), σ
ρ
p(hBC), σ
ρ
p(hCA), τ
ρ
pqr(T˜0, v0)
and τρpqr(T˜1, v1) to compute ΦL([ρn]) for given n. The details of the computational
results are in Theorem 5.3.
Structure of the paper. This paper is organized as follows. In Section 2 we define
Teichmu¨ller spaces of surfaces, character varieties, and Hitchin components. In par-
ticular we define Hitchin components of compact surfaces with boundary following
[4] and [16] in Section 2.3. In Section 3, we prepare some invariants of flags and de-
fine Anosov representations. Moreover we discuss the Anosov property of Hitchin
representations which are important concepts to construct the Bonahon-Dreyer
parameterization. In Section 4, we construct the Bonahon-Dreyer’s parametriza-
tions of Hitchin components. In Section 4.4, we review Labourie-McShane’s work
[16] where they studied Hitchin representations of surfaces with boundary and
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defined Hitchin doubles which are extensions of Hitchin representations of sur-
faces with boundary to representations of doubled surfaces. The Bonahon-Dreyer
parametrizations of Hitchin components of surfaces with boundary are defined by
using Hitchin doubles. Finally, in Section 5, we compute Bonahon-Dreyer’s param-
eters on Fuchsian loci. In Section 5.1, we parameterize Fuchsian representations of
a pair of pants by hyperbolic lengths of the boundary components up to conjugacy.
Later, in Section 5.2, we compute the Bonahon-Dreyer parameters of Hitchin rep-
resentations in Fuchsian loci. We show that we can explicitly describe flag curves
of representations in Fuchsian loci even in the cases of surfaces with boundary,
and compute shearing and triangle invariants by using the parameters of Fuchsian
representations.
Acknowledgement. I would like to thank my supervisor, Ken’ichi Ohshika for his
warm encouragement. I also thank Hideki Miyachi who read my paper and gave
me insightful comments and suggestions.
2. Teichmu¨ller Spaces and Hitchin components
2.1. Teichmu¨ller Spaces and Hyperbolic structures. Let S be a compact,
connected, oriented surface with negative Euler characteristic number χ(S). We
denote by Hyp(S) the set of finite-volumed complete Riemannian metrics on S
with constant curvature −1 which make ∂S totally geodesic if ∂S is not empty, and
denote by Diff0(S) the identity component of the group of diffeomorphisms of S.
The Teichmu¨ller space of S is the quotient space T (S) = Hyp(S)/Diff0(S). We
call elements of T (S) hyperbolic structures of S. Here we describe the Teichmu¨ller
space of a pair of pants. Insights of hyperbolic structures of geodesic hexagons
imply that hyperbolic structures of a pair of pants are uniquely determined by the
hyperbolic lengths of the boundary components. Let P be a pair of pants whose
boundary components are labeled as A,B and C. (See Figure 1.) We denote the
length function associated to a hyperbolic structure m ∈ T (S) by lm : S → R>0,
where S is the set of simple closed curves on S.
Proposition 2.1 ([13]). The following map is a diffeomorphism.
T (P )→ R3>0 : m 7→ (lm(A), lm(B), lm(C)).
A
B C
Figure 1. A pair of pants.
We can also consider hyperbolic structures from the viewpoint of geometric struc-
tures. Let X = Hn be the upper half space model of the n-dimensional hyperbolic
space, and G = Isom+(X) the group of orientation-preserving isomerties of X.
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Definition 2.2. Let M be a manifold. An (X,G)-atlas on M is an atlas {(Ui, φi)}i∈I
which is defined by the following conditions:
(1) Each Ui is an open subset of M such that M =
⋃
i Ui, and φi is an home-
omorphism φi : Ui → X which is onto the image.
(2) Any transition map φi ◦ φ−1j : φj(Ui ∩ Uj) → φi(Ui ∩ Uj) is given by the
restriction of an element in G.
We say that a manifold M has an (X,G)-structure if M has a maximal (X,G)-
atlas. A manifold with an (X,G)-structure is called an (X,G)-manifold.
Note that an (X,G)-manifold M has a metric induced from the metric of X
through the (X,G)-atlas of M . An (X,G)-manifold M is said to be complete if M
is metrically complete with respect to the induced metric. We can check that M
is a complete (X,G)-manifold if and only if M has a hyperbolic structure in the
sense of Riemannian metrics. Therefore we identify complete (X,G)-structures with
hyperbolic structures, and we use the terms, hyperbolic structures and hyperbolic
manifolds instead of complete (X,G)-structures and complete (X,G)-manifolds.
Definition 2.2 gives us tools, called developing maps and holonomy representa-
tions, which are useful to study geometric structures on manifolds. Let M be a
hyperbolic manifold with an (X,G)-atlas U = {(Ui, φi)}i∈I , and p0 ∈ M a base
point. A developing map is a map from the universal covering of M to the model
space X. To construct this map, recall that the universal covering of M can be
constructed as the quotient space of pairs of paths and their terminal points;
M˜ = {(C, p) | C is a path from p0 and p is the terminal point of C}/ ∼ .
where (C1, p1) ∼ (C2, p2) if p1 = p2, and C1 is homotopic to C2. For an equivalent
class [C, p] ∈ M˜ , we fix a representative (C, p). Cover the curve C by using a finite
number of charts (Ui1 , φi1), · · · , (Uin , φin) ∈ U where p0 ∈ Ui1 , p ∈ Uin , and Uij and
Uij+1 are adjacent for any j. The transition map from Ui2 to Ui1 is the restriction
of an element g ∈ G, and we can glue these charts Ui1 and Ui2 by g. Repeating this
operation, we construct a copy C˜ of C in X. Then we define a map dev : M˜ → X
so that dev([C, p]) equals to the terminal point of C˜. It is known that dev is well-
defined, locally homeomorphic and unique up to the left-composition of isometries.
The map dev is called the developing map.
Consider the covering transformation of pi1(M) on the universal covering of an
hyperbolic manifold M with a developing map d. Then there exists a representation
ρd : pi1(M) → G so that the developing map d is (ρd, pi1(M))-equivariant. This
representation is often called the holonomy representation of the fundamental group
of M associated to d. The following proposition is well-known.
Proposition 2.3. For any developing map d of an hyperbolic manifold M and the
holonomy representation ρd associated to d, the representation ρd is discrete and
faithful. The discrete group ρd(pi1(M)) acts on d(X) properly-discontinuously and
freely. Moreover M is isometric to d(X)/ρd(pi1(M)).
When we replace a developing map d with the composition g·d for any g ∈ G, the
corresponding holonomy representation changes to the conjugation g ·ρd ·g−1. Thus
the holonomy representation of a hyperbolic manifold M is uniquely determined
up to conjugacy.
Note that when n = 2, the isometry group G is isomorphic to PSL2(R), and
note that any surface S with χ(S) < 0 has an (H2,PSL2(R))-structure. Then
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deformation theory of hyperbolic structures can be translated to representation
theory of pi1(S) into PSL2(R). In particular Teichmu¨ller spaces are identified with
spaces of representations. We remark that one can define the following well-defined
map which sends hyperbolic structures to associated holonomy representations.
Hol : T (S)→ Hom(pi1(S),PSL2(R))/PSL2(R)− conjugacy.
We call this map the holonomy map. Spaces of representations are well studied in
many contexts. In the next section we review a theory of representation varieties
of surface groups and their topologies.
2.2. Representation varieties for surface groups. The PSLn(R)-representation
variety of the surface S is the space of representationsRn(S) = Hom(pi1(S),PSLn(R)).
The representation variety Rn(S) is regarded as an algebraic set. In fact, if we fix
a presentation of pi1(S) with k-generators, then Rn(S) is identified with a subset
in the product PSLn(R)k, and the relations of pi1(S) give defining polynomials of
Rn(S). The Lie group PSLn(R) acts on the representation variety by conjugation.
The quotient Xn(S) = Rn(S)//PSLn(R) by the action is called the PSLn(R)-
character variety of S, where “//” means the GIT quotient which is a notion of
algebraic geometry. (See [20] for details.)
For the rest of this section, we assume that S is closed and has the genus g ≥ 2
unless stated otherwise. In [7], Goldman detected the number of connected com-
ponents of R2(S). We say that a discrete faithful representation ρ is orientation-
preserving if the natural equivalence relation S → H2/ρ(pi1(S)) has degree +1.
Theorem 2.4 (Goldman[7]). The number of connected components of R2(S) equals
to 4g−3. Moreover the subset Fuch2(S) of X2(S) consisting of orientation-preserving
discrete faithful representations is a connected component of X2(S).
In particular, T (S) is diffeomorphic to Fuch2(S) by the holonomy map Hol :
T (S) → X2(S). In this reason the component Fuch2(S) is called the Teichmu¨ller
component. A representation ρ ∈ R2(S) is called a Fuchsian representation if
[ρ] ∈ Fuch2(S). We denote the subset of Fuchsian representations in R2(S) by
F2(S).
2.3. Hitchin components. We define Hitchin components of closed surfaces. First
we recall Hitchin’s work about the number of components of Xn(S). Hitchin compo-
nents were originally defined by Hitchin who developed the above result of Goldman
by using Higgs bundle theory.
Theorem 2.5 (Hitchin[12]). For n ≥ 3, Xn(S) has three connected components if
n is odd, and has six connected components if n is even.
Consider the irreducible representation ιn : PSL2(R)→ PSLn(R) which is given
by the irreducible representation of SL2(R) on the symmetric power Symn−1(R2).
(See [12].) This representation induces the map (ιn)∗ : R2(S) → Rn(S) which is
defined by the left composition, and induces the well-defined map (ιn)∗ : X2(S)→
Xn(S).
Definition 2.6. The Hitchin component of S is the connected component of Xn(S)
which contains (ιn)∗(Fuch2(S)). We denote it by Hitn(S).
Following a formulation of Labourie-McShane [16], we define Hitchin components
of surfaces with boundary. Let S∂ be a surface with no punctures, boundaries
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C1, · · · , Cb (b > 0) and χ(S∂) < 0. In this case we must restrict images of boundary
curves. An element A ∈ PSLn(R) is called purely-loxodromic if A is conjugate to an
element in the interior of the Weyl chamber, that is, A is a real split with distinct
eigenvalues. We call ρ ∈ Rn(S∂) boundary-loxodromic if for [Ci] ∈ pi1(S∂) (i =
1, · · · , b), ρ([Ci]) is a purely-loxodromic element. We set the subset Rloxon (S∂) of
Rn(S∂) by
Rloxon (S∂) = {ρ ∈ Rn(S∂) | ρ is boundary-loxodromic}.
Then we define the Hitchin component Hitn(S∂) by the component of the quotient
X loxon (S∂) = Rloxon (S∂)//PSLn(R) which contains (ιn)∗(Fuch2(S∂)). Here note that
metrics in Teichmu¨ller spaces make the boundary totally-geodesic, the Teichmu¨ller
components Fuch2(S∂) are contained in X loxo2 (S∂).
We prepare several terms. A representation ρ ∈ Rn(S) is called a Hitchin rep-
resentation if [ρ] ∈ Hitn(S). We denote the subset of Hitchin representations by
Hn(S). The subset Fuchn(S) = (ιn)∗(Fuch2(S)) is called the Fuchsian locus and
a representation ρn ∈ Rn(S) with [ρn] ∈ Fuchn(S) is called an n-Fuchsian repre-
sentation. Any n-Fuchsian representation is of the form ιn ◦ ρ for some ρ ∈ F2(S).
The subset Fn(S) in Rn(S) denotes the set of n-Fuchsian representations.
3. The Anosov property of Hitchin representations
In this section we introduce the concept of Anosov representations following
[10], and their application to Hitchin components. Here we consider only the case
of closed surfaces. The non-closed case is going to be discussed in Section 4.4.
3.1. Anosov representations. Let Γ = pi1(S) and G a semisimple Lie group. Fix
a hyperbolic structure of S. We consider the geodesic flow φt on the unit tangent
bundle T 1S, and lift φt to the flow φ˜t on the unit tangent bundle T
1S˜ over the
universal covering of S associated to the hyperbolic structure of S. Let (P+, P−) be
an opposite pair of parabolic subgroups of G where P+ and P− are called opposite
if their intersection L = P+ ∩ P− is reductive. The quotient G/L is contained
in the product G/P+ × G/P− as the unique orbit space, and its tangent space
TxG/L at a point x ∈ G/L can be decomposed into two directions E+x ⊕E−x along
the decomposition of the tangent space of the product space Tx(G/P
+×G/P−) =
Tx+G/P
+ ⊕ Tx−G/P− where (x+, x−) is a point of G/P+ ×G/P− corresponding
to the point x. Let E+ and E− be the distribution consisting of E+x+ and E
−
x− over
G/L respectively. Now we consider the associated bundle T 1S˜ ×ρ G/L over the
unit tangent bundle T 1S for a representation ρ : Γ→ G.
Definition 3.1. A representation ρ : Γ→ G is said to be (P+, P−)-Anosov if
(1) There exists a section σ : T 1S → T 1S˜ ×ρ G/L which is locally constant
along the flow φt.
(2) The lifted action of φt on the pull-back σ
∗E+ (resp. σ∗E−) satisfies the
dilating (resp. contracting) property.
In Definition 3.1, the condition (2) means that there exists a continuous family
of norms {|| · ||p}p∈T 1S on the fibers of the distribution σ∗E+ (resp. σ∗E−) and
positive constants a,A > 0 such that
||φ−t(v)||φ−t(p) ≤ Ae−at||v||p, (resp. ||φt(v)||φt(p) ≤ Ae−at||v||p)
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for any t ≥ 0 and any v ∈ σ∗E+(resp. σ∗E−) which is in the fiber on an arbitrary
point p ∈ T 1S. The section σ in Definition 3.1 is called the Anosov section. The
Anosov section induces a map from ∂∞S˜ to G/P+ and G/P− as follows. Note that
the orbits of the geodesic flow on T 1S˜ are identified with doubles in ∂∞S˜×∂∞S˜, and
that the set of oriented geodesic leaves on S˜ is identified with the set (∂∞S˜)(2) =
∂∞S˜ × ∂∞S˜ \∆ where ∆ is the diagonal set. Since the Anosov section σ is locally
constant, the pull-back σ̂ : T 1S˜ → G/L is φ˜t-invariant. Hence σ̂ induces a map
defined on the quotient with the flow action T 1S˜/(φ˜t) = (∂∞S˜)(2). We denote the
map by
σ̂ = (ξ+, ξ−) : (∂∞S˜)(2) → G/L ⊂ G/P+ ×G/P−.
The map σ̂ factors through the projection from (∂∞H2)(2) onto each factor, and
gives us maps ξ± : ∂∞S˜ → G/P±. It is known that these maps are unique, and
ξ+ = ξ− under the identification of G/P+ and G/P−, so we denote by ξ = ξ+ = ξ−.
(See [10].) The map ξ is called the Anosov map, the flag curve or the limit curve.
It is known that Hitchin representations of surface groups into G = PSLn(R)
are (B+, B−)-Anosov where B+ and B− are opposite Borel subgroups of G. (See
[15]) In this case G/B± are the flag manifolds Flag(Rn). Labourie and Fock-
Goncharov studied properties of flag curves in the case of PSLn(R), so-called the
hyperconvexity and the positivity. Their results are summarized in Section 3.3 after
defining some notions with flags.
3.2. Projective invariants. We define projective invariants of tuples of flags
which play an important role in the Bonahon-Dreyer parameterization.
A flag in Rn is a sequence of nested vector subspaces of Rn
F = ({0} = F (0) ⊂ F (1) ⊂ F (2) ⊂ · · · ⊂ F (n) = Rn)
where dimF (i) = i. The set of these flags is called the flag manifold. We denote it
by Flag(Rn). A generic tuple of flags is a tuple (F1, F2, · · · , Fk) of a finite number
of flags F1, F2, · · · , Fk ∈ Flag(Rn) such that if n1, · · · , nk are nonnegative integers
satisfying n1 + · · ·+ nk = n, then F (1)1 ∩ · · · ∩ F (nk)k = {0}.
Now we define invariants called triple ratios and double ratios of generic tuples
of flags. The triple ratio is defined for generic triples of flags as follows. Let
(E,F,G) be a generic triple of flags, and p, q, r ≥ 1 integers satisfying p + q +
r = n. Fix nonzero elements e(i), f (i) and g(i) which are in the wedge products∧(i)
E(i),
∧(i)
F (i) and
∧(i)
G(i) for i = 1, · · · , n respectively. We denote the wedge
product e(p) ∧ f (q) ∧ g(r) of chosen elements e(p), f (q) and g(r) by X(p, q, r), which
is an element in
∧(n) Rn since p+ q + r = n.
Definition 3.2. The (p, q, r)-th triple ratio Tpqr(E,F,G) for a generic triple of
flags (E,F,G) is defined by
Tpqr(E,F,G) =
X(p+ 1, q, r − 1)
X(p− 1, q, r + 1) ·
X(p, q − 1, r + 1)
X(p, q + 1, r − 1) ·
X(p− 1, q + 1, r)
X(p+ 1, q − 1, r) .
Triple ratios are valued in R under an identification
∧(n) Rn ∼= R. This is well-
defined for a choice of elements e(i), f (i) and g(i), and an identification
∧(n) Rn ∼= R.
If the index of X(p, q, r) contains 0 then we ignore the corresponding terms, i.e. for
example, e(0) ∧ f (q) ∧ g(n−q) = f (q) ∧ g(n−q). For replacements of an ordering of a
generic tuple (E,F,G), triple ratios well behave.
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Proposition 3.3 ([4]). For a generic tuple of flags (E,F,G),
Tpqr(E,F,G) = Tqrp(F,G,E) = Tqpr(F,E,G)
−1.
Next we define double ratios. Let (E,F,G,G′) be a generic quadruple of flags,
and p an integer with 1 ≤ p ≤ n− 1. We choose nonzero elements e(i), f (i), g(i) and
g′(i) in
∧(i)
E(i),
∧(i)
F (i),
∧(i)
G(i) and
∧(i)
G′(i) respectively. Let us set Y (i) =
e(i) ∧ f (n−i−1) ∧ g(1) and Y ′(i) = e(i) ∧ f (n−i−1) ∧ g′(1).
Definition 3.4. The p-th double ratio Dp(E,F,G,G
′) is defined by
Dp(E,F,G,G
′) = − Y (p)
Y ′(p)
· Y
′(p− 1)
Y (p− 1) .
This is also well-defined and valued in R as triple ratios. We remark that triple
ratios and double ratios are invariant under the action of projective automorphisms.
3.3. The Anosov property. We make in the summary results of Labourie and
Fock-Goncharov. Recall that any Hitchin representation ρ ∈ Hn(S) is Anosov, so
there exists the corresponding flag curve ξρ. The flag curves of Hitchin representa-
tions depend on the eigenspaces of matrices in ρ(pi1(S)). Now we recall a property
of eigenvalues of Hitchin representations.
Proposition 3.5 (Labourie [15], Bonahon-Dreyer [4]). Let ρ ∈ Hn(S), and γ be a
nontrivial element of pi1(S). Then ρ(γ) has a lift ρ˜(γ) ∈ SLn(R) whose eigenvalues
are distinct and positive.
For any nontrivial element γ ∈ pi1(S), we denote the eigenvalues of a lift ρ˜(γ) by
λρ1(γ) > λ
ρ
2(γ) > · · · > λρn(γ) > 0.
Let Lk be the one dimensional eigenspace of λ
ρ
k(γ). We associate to ρ(γ) the two
flags E and F in Flag(Rn) defined by
E(i) = ⊕ik=1Lk and F (i) = ⊕nk=n−i+1Lk
which are called the stable flag and the unstable flag of ρ(γ) respectively.
Fix a hyperbolic structure on S and the associated universal covering S˜ with the
visual boundary ∂∞S˜.
Theorem 3.6 (Labourie [15], Fock-Goncharov [6]). For any ρ ∈ Hn(S), there
exists a unique continuous map ξρ : ∂∞S˜ → Flag(Rn) satisfying the following
conditions.
(1) For the attracting point γ+ of a nontrivial γ ∈ pi1(S), the flag ξρ(γ+) is the
stable flag of ρ(γ).
(2) The map ξρ is ρ-equaivariant for pi1(S)-action on ∂∞S˜, that is, for any
element γ ∈ pi1(S), it holds that ρ(γ) · ξρ(x) = ξρ(γ · x).
(3) For any x1 · · · , xk ∈ ∂∞S˜, a tuple (ξρ(x1), · · · , ξρ(xk)) is generic.
(4) For any triple (x, y, z) of distinct points x, y, z ∈ ∂∞S˜, triple ratios of a
generic triple (ξρ(x), ξρ(y), ξρ(z)) are positive.
(5) For any quadruple (x, z, y, z′) of distinct points x, z, y, z′ ∈ ∂∞S˜ which are
in counterclockwise ordering, double ratios of (ξρ(x), ξρ(y), ξρ(z), ξρ(z
′)) are
positive.
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4. The Bonahon-Dreyer parameterization
We review the Bonahon-Dreyer parameterization in this section. Through this
section, we suppose that S is closed and has the genus g ≥ 2 unless otherwise
indicated.. Moreover we fix a hyperbolic structure of S. Details of this section are
in [4].
4.1. Short arcs for laminations. To define their parameterization, we give more
additional data to maximal geodesic laminations. Let L be a maximal geodesic
lamination on S. We suppose the orientation of each leaf of L, where orientations
of leaves are given independently. Moreover we fix certain short transverse arcs for
all closed leaves. For a closed leaf g of L, we fix a transverse arc k so that the arc
k satisfies the following conditions:
(1) The arc k is transverse to L and the intersection k ∩ g is just one point x.
(2) Let k′ and k′′ be arcs given by cutting k by g. Then, for each component
c = k′ or k′′, there exists an immersion f : c × [0,+∞) → S such that
(i)f(x, 0) = x and (ii) for any x ∈ L∩c, the subset {x}×[0,∞) parametrizes
with unit speed a geodesic spiraling along g and the image f(x, [0,∞)) is
contained in some leaf of L.
4.2. Invariants of Hitchin representations. We define two kinds of invariants
of Hitchin representations, called the triangle invariant and the shearing invariant.
We denote by S˜ the universal covering of S associated to the fixed hyperbolic
structure. To construct the invariants, we fix a maximal geodesic lamination L on
S which consists of closed leaves g1, · · · , gs and biinfinite leaves h1, · · · , ht which
have independent orientations. Note that L induces an ideal triangulation ∆ of S.
We assume an existence of a short transverse arc ki for each closed leaf gi, which
satisfies the conditions in the previous subsection. Let ρ be a Hitchin representation
in Hn(S) and ξρ the associated flag curve.
The triangle invariant is defined for the ideal triangles T1, · · · , Tu given by the
ideal triangulation ∆. Fix a lift T˜i in S˜ of Ti and an ideal vertex vi of T˜i arbitrarily.
We label the other ideal vertices as the symbols v′i, v
′′
i so that vi, v
′
i, v
′′
i are in
clockwise ordering. (See Figure 2.) Let p, q, r be positive integers with p+q+r = n.
Definition 4.1. The (p, q, r)-th triangle invariant τρpqr(T˜i, vi) of a Hitchin repre-
sentation ρ for (T˜i, vi) is defined by
τρpqr(T˜i, vi) = log Tpqr(ξρ(vi), ξρ(v
′
i), ξρ(v
′′
i )).
Triangle invariants are independent of a choice of the lift T˜i since flag curves of
Hitchin representations are ρ-equivariant, so we denote the triangle invariant by
τρpqr(Ti, vi) simply. For replacements of a choice of vertex vi, triangle invariants
satisfy the following property.
Proposition 4.2 ([4]). Fix a lift T˜i of the ideal triangle Ti. Let vi, v
′
i, v
′′
i be vertices
of T˜i which are in clockwise ordering. Then the following relation holds.
τρpqr(Ti, vi) = τ
ρ
qrp(Ti, v
′
i) = τ
ρ
rpq(Ti, v
′′
i ).
The shearing invariant is defined for each leaf of L. At first we define the shearing
invariant of a biinfinite leaf hi. In the ideal triangulation ∆, the leaf hi is adjacent
to two ideal triangles. Let Ti and T
′
i be such triangles which are on the left and
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Figure 2. Figure 3.
right side with respect to the orientation of hi. We lift hi to a geodesic h˜i in S˜,
and also lift Ti and T
′
i to two ideal triangles T˜i and T˜
′
i such that h˜i is an edge of
T˜i and T˜ ′i as Figure 3. We denote the starting and terminal point of h˜i by y and
x ∈ ∂∞S˜, and the other vertices of T˜i and T˜ ′i by z and z′ respectively. Let p be an
integer with 1 ≤ p ≤ n− 1. Then we define the shearing invariant associated to hi
which is independent of a choice of the lift h˜i.
Definition 4.3. The p-th shearing invariant of a Hitchin representation ρ for a
biinfinite leaf hi is defined by
σρp(hi) = logDp(ξρ(x), ξρ(y), ξρ(z), ξρ(z
′)).
In the case of closed leaves, we use the transverse arcs to take surrounding ideal
triangles as in the case of biinfinite leaves. Fix a closed leaf gi with the transverse
arc ki and consider the endpoints of ki. Let Ti and T
′
i be ideal triangles defined by
∆ which are spiraling along gi such that Ti (resp. T
′
i ) is on the left (resp. right) with
respect to the orientation of gi and contains the endpoint of ki. Lift gi, ki, Ti and
T ′i to a geodesics g˜i, an arc k˜i and ideal triangles T˜i and T˜
′
i in S˜ so that k˜i intersects
g˜i, and T˜i and T˜
′
i contain the endpoints of k˜i as Figure 4. Label the starting point
and the terminal point of the oriented geodesic g˜i as y and x respectively. Now we
can choose the edges ei and e
′
i of T˜i and T˜
′
i so that they intersect the endpoints of
g˜i, and g˜i, T˜i and T˜
′
i are contained in the region which is bounded by ei and e
′
i. Let
z and z′ be the endpoints of ei and e′i other than x and y, and p an integer with
1 ≤ p ≤ n− 1.
Definition 4.4. The p-th shearing invariant of a Hitchin representation ρ for a
closed leaf gi is defined by
σρp(gi) = logDp(ξρ(x), ξρ(y), ξρ(z), ξρ(z
′)).
Note that the shearing invariant σρp(gi) are independent of a choice of the lift g˜i
and k˜i since the flag curve ξρ is ρ-equivariant, and the image of the endpoints ξρ(x)
and ξρ(y) are the stable and unstable flags of ρ(γ) respectively.
The triangle invariant and the shearing invariant are well-defined on Hitchin
components, i.e. these invariants are independent of representatives of elements of
Hitchin components since there is the relation ξg·ρ·g−1 = g ·ξρ for any g ∈ PSLn(R).
4.3. The construction of the parameter space. The parameter space of Hitn(S)
given by Bonahon-Dreyer is the interior of a convex polytope defined by equations
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Figure 4.
in a Euclidian space. To explain the defining equations, we prepare length func-
tions for Hitchin representations ρ ∈ Hn(S). Let λρ1(γ) > · · · > λρn(γ) > 0 be the
eigenvalues of the lift of ρ(γ) in Proposition 3.5 for nontrivial γ ∈ pi1(S). We define
the k-th length function of the Hitchin representation ρ by
lρk(γ) = log
λρk(γ)
λρk+1(γ)
where k = 1, · · · , n− 1. This function is independent of representatives of elements
of Hitn(S).
There is a nice relation between length functions, triangle invariants and shearing
invariants. Let g be a closed leaf of the fixed lamination L. Let us focus on the
right side of g with respect to the orientation of g. Let hi1 , · · · , hik be the biinfinite
leaves spiraling along g from right, and Ti1 , · · ·Tik the ideal triangles which also
spiral along g from right. Suppose that the spiralings of these leaves and triangles
occur in the direction (resp. the opposite direction) of the orientation of g. Define
σρp(hi) by σ
ρ
p(hi) if hi is oriented toward g, and by σ
ρ
n−p(hi) otherwise. We set
Rρp(g) =
k∑
j=1
σρp(hij ) +
k∑
j=1
∑
q+r=n−p
τρpqr(Tij , vij ),
(resp. Rρp(g) = −
k∑
j=1
σρn−p(hij )−
k∑
j=1
∑
q+r=p
τρ(n−p)qr(Tij , vij ), )
where vij is a vertex of a lift T˜ij which is a terminal (resp. starting) point of a lift
of g. When we focus on the left side, we define Lρp(g) similarly as follows.
Lρp(g) = −
k∑
j=1
σρp(hij )−
k∑
j=1
∑
q+r=n−p
τρpqr(Tij , vij ).
(resp. Lρp(g) =
k∑
j=1
σρn−p(hij ) +
k∑
j=1
∑
q+r=p
τρ(n−p)qr(Tij , vij ). )
Proposition 4.5 (Bonahon-Dreyer[4]). For any ρ ∈ Hn(S), it holds that
lρp(g) = R
ρ
p(g) = L
ρ
p(g).
Now we construct the parameter space of Bonahon-Dreyer. Recall our setting:
we fix
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(1) a hyperbolic structure on S and the associated universal covering S˜ → S,
(2) a maximal geodesic oriented lamination L on S which consists of biinfinite
leaves h1, · · ·hs and closed leaves g1, . . . , gt with short arcs k1, · · · , kt, and
(3) ideal triangles T1, · · · , Tu which are defied by the ideal triangulation induced
by L.
The parameter space is given in a Euclidian space RN which is described by
RN = {(τabc(Ti, vi), · · · , σd(hj), · · · , σe(gk), · · · )}
where we consider all a, b, c, d, e, i, j and k, such that
• a, b, c, d and e are integers with a, b, c ≥ 1, a+b+c = n and 1 ≤ d, e ≤ n−1,
• i, j and k are the indexes with 1 ≤ i ≤ u, 1 ≤ j ≤ s and 1 ≤ k ≤ t,
and consider all vertices of a lift T˜i. We can count the number N concretely.
N = u · 3 · (n− 1)(n− 2)
2
+ s · (n− 1) + t · (n− 1).
Let P be the polytope in RN defined by the relations of triangle invariant given
in Proposition 4.2, and the length relations Lp = Rp > 0(p = 1, · · · , n − 1) given
in Proposition 4.5. The number of these relations is 2u(n− 1)(n− 2)/2 + s(n− 1)
where the first term corresponds to the relations of triangle invariants and the
second corresponds the length relations. Thus, noting u = 4g− 4 and t = 6g− 6 by
the Gauss-Bonnet theorem, since the these relations are independent each other,
we can compute the dimension of the convex polytope P as
dimP = N − 2u(n− 1)(n− 2)/2 + s(n− 1)
= u(n− 1)(n− 2)/2 + t(n− 1)
= (4g − 4)(n− 1)(n− 2)/2 + (6g − 6)(n− 1)
= (2g − 2)(n2 − 1).
The result of Bonahon-Dreyer is as follows.
Theorem 4.6 (Bonahon-Dreyer[4]). The following map ΦL is homeomorphic onto
the image.
ΦL : Hitn(S)→ RN
ΦL([ρ]) = (τ
ρ
abc(Ti, vi), · · · , σρd(hj), · · · , σρe (gk), · · · ).
Moreover the image of this map is the interior of the convex polytope P
4.4. Non-closed case. The Bonahon-Dreyer parameterization can be extended to
the case of surfaces with nonempty boundary by using Labrourie-McShane’s work
[16]. Let S∂ be a compact connected oriented surface with nonempty boundary,
no punctures and negative Euler characteristic number. We denote the topological
double of S∂ by Ŝ∂ . Labourie-McShane studied an extension of Hitchin represen-
tations in Hn(S∂) to Hn(Ŝ∂), which is a generalization of the hyperbolic double of
Fuchsian representations.
Let J be an involution of PGLn(R). For any Hitchin representation ρ ∈ Hn(S∂),
Labourie-McShane constructed a unique representation ρ̂ ∈ Rn(Ŝ∂) so that ρ̂ is
an extension of ρ and the J-conjugate action on ρ̂ is compatible with the natural
involution of the double Ŝ∂ . Such a representation is called the J-extension of ρ.
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In particular for the involution Jn of PGLn(R) defined by
Jn =

1 0 0 · · ·
0 −1 0 · · ·
0 0 1 · · ·
...
...
...
. . .
 ,
they showed that the Jn-extension of a Hitchin representation is a Hitchin repre-
sentation in Hn(Ŝ∂). The Jn-extensions of Hitchin representations is called the
Hitchin doubles. Note that since Hitchin doubles are representations of closed sur-
face groups, there exist the associated flag curves for Hitchin doubles.
Theorem 4.7 (Labourie-McShane[16]). Let ρ ∈ Hn(S∂) be a Hitchin representa-
tion and ρ̂ ∈ Hn(Ŝ∂) the Hitchin double of ρ. Then the restriction to the boundary
∂∞S˜∂ of the flag curve associated to ρ̂, ξρ̂ : ∂∞
˜̂
S∂ → Flag(Rn), is continuous and
ρ-equivariant.
We call the restriction in Theorem 4.7 the flag curve of the Hitchin representation
ρ ∈ Hn(S∂). We remark that the proof of Theorem 4.7 implies the following lemma.
Lemma 4.8 (Labourie-McShane[16]). The Hitchin double ρ̂n ∈ Hn(S∂) of an n-
Fuchsian representation ρn = ιn ◦ ρ ∈ Fn(S∂) equals to the n-Fuchsian represen-
tation ιn ◦ ρ̂ ∈ Fn(Ŝ∂) where ρ̂ ∈ F2(Ŝ∂) is the hyperbolic double of the Fuchsian
representation ρ ∈ F2(S∂).
The Bonahon-Dreyer parametrization of Hitchin components of surfaces with
nonempty boundary is defined by using flag curves which are introduced above.
We can construct the parameter space similarly but we need to note invariants
associated to closed geodesic leaves which are on the boundary. Let RN denotes a
Euclidian space described as follows:
RN = {(τabc(T˜i, vi), · · · , σd(hj), · · · , σe(gk), · · · )}
where a, b, c, d, e, i and j satisfies the same conditions given in the closed case but
k is restricted so that gk is not a closed geodesic leaf on the boundary of S∂ . To
describe the parameter space, recall that, in the closed case, the defining polyno-
mials are given by the relations of triangle invariants and the length relations. In
the non-closed case, the image of the parameterization is defined by the following
polynomials: (1) the relations of triangle invariants for all ideal triangles, (2) the
length relations Lp = Rp for all closed leaves which are not contained in the bound-
ary, (3) the length-positivity, i.e. Rp or Lp > 0 for all closed leaves which are on
the boundary. When we denote by P the interior of the polytope defined by the
relations (1), (2) and (3), Theorem 4.6 can be shown similarly.
5. Computation of Fuchsian loci
5.1. A parametrization of Fuchsian representations. We determine the Fuch-
sian locus of a pair of pants by using the Bonahon-Dreyer coordinate. Let P be a
pair of pants with the maximal geodesic lamination L = {hAB , hBC , hCA, A,B,C}
which is described in Figure 5. This lamination induces an ideal triangulation of P
and we denote by T0 and T1 two triangles given by the triangulation. Orientations
ON FUCHSIAN LOCI OF PSLn(R)-HITCHIN COMPONENTS 15
of leaves are fixed as Figure 5. Let a, b and c be the homotopy classes of the bound-
ary components A,B and C of P . Then the fundamental group pi1(P ) is generated
by a, b and c, and has the presentation
pi1(P ) =< a, b, c | abc = 1 > .
Figure 5. The lamination L on P .
At first we parametrize the Fuchsian representations ρ : pi1(P ) → PSL2(R) by
hyperbolic structures of P . As we saw in Proposition 2.1 the Teichmu¨ller space
T (P ) is parametrized by the hyperbolic lengths of the boundary components of P ,
and hence the Fuchsian representations are also uniquely determined by the lengths
up to conjugacy.
Proposition 5.1. Let m = (lA, lB , lC) be a triple of the hyperbolic lengths of the
boundary components A,B and C. Then we can take a representative ρ in the
conjugacy class of the Fuchsian representation associated to the data m such that
the developing map devρ associated to ρ is described as Figure 6 and 7, and the
attracting point of the axis of ρ(b) equals to 0 in ∂∞H2. In particular, the biinfinite
leaves hAB , hBC and hCA can lift to the geodesics h˜AB , h˜BC and h˜CA in Figure 6
and 7, whose terminal points are ∞, 1 and 0 in ∂∞H2 respectively. Moreover we
can write such a representative ρ concretely as follows.
ρ(a) =
[
α αβγ + α−1
0 α−1
]
, ρ(b) =
[
γ 0
−β−1 − γ−1 γ−1
]
,
where α, β, γ : R3>0 → R>0 are defined by
α(lA, lB , lC) = e
lA/2, β(lA, lB , lC) = e
(lC−lA)/2, γ(lA, lB , lC) = e−lB/2
with the conditions α > 1, 1 > γ > 0, β > 0.
Proof.
The first assertion follows by the normalization of Fuchsian groups. See [13]. We
can set the Fuchsian representation ρ which satisfies the condition of the fixed
points of ρ(a) and ρ(b) by
ρ(a) =
[
α β
0 α−1
]
, ρ(b) =
[
γ 0
δ γ−1
]
.
First we note that α and β satisfies −α−1 + β 6= 0, since if α−1 = β then
ρ(c) = ρ(b)−1ρ(a)−1 =
[
α−1γ−1 −α−1γ−1
−α−1δ α−1δ + αγ
]
,
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Figure 6. Upper
half plane model.
Figure 7. Poincare´
disk model.
and
ρ(c)(1) =
0
0 + αγ
= 0
where αγ 6= 0. This contradicts the assumption that ρ(c) fixes 1. Therefore we may
assume −α−1 + β 6= 0 We compute the parameter δ so that ρ(c) = ρ(b)−1ρ(a)−1
fixes 1 ∈ ∂∞H2. Since
ρ(c) = ρ(b)−1ρ(a)−1 =
[
α−1γ−1 −βγ−1
−α−1δ βδ + αγ
]
,
the condition of the fixed points of ρ(c) implies that
ρ(c)(1) =
α−1γ−1 − βγ−1
−α−1δ + βδ + αγ = 1.
Thus we obtain
δ = −γ−1 + −αγ−α−1 + β .
Replacing the parameter β with a parameter β′ satisfying β = αγβ′ + α−1, we
deform the equation above as
δ = −γ−1 − β′−1.
We denote β′ by β again. The representation ρ is given by the following form.
ρ(a) =
[
α αβγ + α−1
0 α−1
]
, ρ(b) =
[
γ 0
−β−1 − γ−1 γ−1
]
.
Note that ρ(a) and ρ(b) are elements in PSL2(R), so we can assume α, γ > 0 by the
multiple of −1. Since the attracting point of ρ(b) is 0 ∈ ∂∞H2, it holds that γ < 1.
Next we consider inequalities among parameters α, β and γ which are given by
positional relations of fixed points at infinity. We can check the following easily:
Fix(ρ(a)) = {∞, α
2βγ + 1
1− α2 },
Fix(ρ(b)) = {0, γ − γ
−1
−β−1 − γ−1 },
Fix(ρ(c)) = {1, αβ + α
−1γ−1
α−1γ−1 + α−1β−1 }.
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By Figure 6, the following inequalities hold:
α2βγ + 1
1− α2 < 0,(1)
0 <
γ − γ−1
−β−1 − γ−1 < 1,(2)
1 <
αβ + α−1γ−1
α−1γ−1 + α−1β−1 .(3)
Noting that 1 > γ > 0 which implies that γ < γ−1, these inequalities are deformed
as follows:
(2) ⇔ β−1 + γ−1 > 0, β−1 + γ > 0,(4)
(3) + (4) ⇔ α2β > β−1,(5)
(1) + (4) ⇔ α > 1.(6)
We can deduce β > 0 from these inequalities since if β is negative,
(4) ⇔ β + γ < 0, β < − 1
γ
,
(5) ⇔ − 1
α
< β <
1
α
and, by −1/γ < −1/α, a contradiction occurs.
In general, the hyperbolic length l of a simple closed geodesic which is covered by
the axis of a hyperbolic isometry M ∈ PSL2(R) is given by the following formula:
|tr(M)| = 2 cosh(l/2).
Under the conditions above of α, β and γ, the data of the hyperbolic lengths of A
and B detect α and γ.
α = exp(lA/2), γ = exp(−lB/2).
We consider an equation
|tr(ρ(c))| = 2 cosh(lC/2)
which implies that
| − αβ − α−1β−1| = 2(cosh(lC/2))
⇔ αβ + α−1β−1 = 2 cosh(lC/2) (α, β > 0)
⇔ β = cosh(lC/2)± sinh(lC/2)
α
.
The inequality (5) gives us the following condition
(5)⇔ α2β2 > 1
and then β is uniquely determined by
β =
cosh(lC/2) + sinh(lC/2)
α
.

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5.2. A parametrization of Fuchsian loci. Let ρ ∈ F2(P ) be a Fuchsian repre-
sentation of the form in Proposition 5.1, and ρn = ιn ◦ρ be the induced n-Fuchsian
representation in Fn(P ). Since P has the nonempty boundary A,B and C and the
double of P is the closed surface Σ2 of genus 2, we must consider the Hitchin double
ρ̂n ∈ Hn(Σ2) of ρn to construct the flag curve ξρn of ρn which is the restriction
of the flag curve ξρ̂n of ρ̂n. The Hitchin double of n-Fuchsian representation is an
n-Fuchsian by Lemma 4.8, in particular it holds that ρ̂n = ιn ◦ ρ̂ where ρ̂ ∈ F2(Σ2)
is the J2-extension of ρ, that is, the hyperbolic double of ρ. Therefore it is enough
to consider the flag curve of the n-Fuchsian representation.
In the case of n-Fuchsian representations, we can explicitly describe the associ-
ated flag curves. Following [8], we describe the flag curves of n-Fuchsian represen-
tations ρ̂n = ιn ◦ ρ̂. The developing map associated to the holonomy representation
ρ̂ induces an identification of the universal covering Σ˜2 with H2. Note that this
identification is extended to the identification between the visual boundaries of Σ˜2
and H2. We identify Rn with the space of homogeneous polynomials F (X,Y ) of
degree n− 1 as vector spaces. Set
V = SpanR < X
n−1, Xn−2Y, · · · , Y n−1 > .
For i = 1, · · · , n and r ∈ ∂∞H2, W (i)(r) denotes the subspace of V consisting of
polynomials which can be divided by (rX+Y )n−i if r 6=∞ and by Xn−i if r =∞.
Set W (0)(r) = 0 for any r. Consider the map
ξ : ∂∞H2 → Flag(Rn) : r 7→ {W (i)(r)}i=0,··· ,n.
It is known that the composition ξρ̂n : ∂∞Σ˜2 = ∂∞H2 → Flag(Rn) is the flag curve
of the Hitchin representation ρ̂n.
By Theorem 4.7, the flag curve associated to ρn is the restriction of ξρ̂n to ∂∞P˜ .
Let devρ̂ be the developing map defined by ρ̂, and i : P˜ → Σ˜2 the natural inclusion.
Then it holds that devρ = devρ̂ ◦ i since ρ̂ is the hyperbolic double of ρ. Thus ξρn
is given by
ξρn : ∂∞P
devρ−−−→ ∂∞H2 ξ−→ Flag(Rn)
Recalling the definition of the Bonahon-Dreyer parameterization, it is enough to
compute the shearing invariants σρnp (hAB), σ
ρn
p (hBC), σ
ρn
p (hCA) (1 ≤ p ≤ n − 1)
and the triangle invariants τρnpqr(T0,∞), τρnpqr(T1,∞) (p, q, r ≥ 1 s.t. p + q + r = n).
These invariants detect the image of the Fuchsian locus of a pair of pants by the
parametrization ΦL. In the following computation, we use a useful formula below.
Lemma 5.2. Let V be an n-dimensional vector space with a basis {b1, · · · , bn},
and v1, · · · , vn be arbitrary vectors in V . When vj =
∑n
i=1 vijbj, it holds that
v1 ∧ · · · ∧ vn = Det((vij)1≤i,j≤n) · b1 ∧ · · · ∧ bn.

Now we may fix an identification
∧(n)
V → R so that Xn−1 ∧Xn−2Y ∧ · · · ∧ Y n−1
is identified with 1 ∈ R. Moreover we extend the definition of binomial coefficients
formally as follows. (
n
p
)
=

n!
p!(n− p)! (0 ≤ p ≤ n)
0 (otherwise).
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Fix the basis b1 = X
n−1, b2 = Xn−2Y, · · · , bn = Y n−1 of the n-dimensional vector
space V = R[Xn−1, Xn−2Y, · · · , Y n−1].
1.Triangle invariant τρnpqr(T0,∞)
Consider a lifting T˜0 of the ideal triangle T0 whose vertices are ∞, 0 and 1, and
denote the corresponding flags E = ξρn(∞), F = ξρn(1) and G = ξρn(0). To detect
the triangle invariant of the ideal triangle T˜0 we observe the value X(p, q, r) =
e(p) ∧ f (q) ∧ g(r) (Definition 3.2). By the definition of ξρn , the flags E(p), F (q) and
G(r) are described as follows:
E(p) = SpanR < X
n−1, Xn−2Y, · · · , Xn−pY p−1 >,
F (q) = SpanR < (X + Y )
n−qXq−1, (X + Y )n−qXq−2Y, · · · , (X + Y )n−qY q−1 >,
G(r) = SpanR < Y
n−1, XY n−2, · · · , Xr−1Y n−r > .
Therefore we may choose nonzero elements as below:
e(p) = Xn−1 ∧Xn−2Y ∧ · · · ∧Xn−pY p−1,
f (q) = (X + Y )n−qXq−1 ∧ (X + Y )n−qXq−2Y ∧ · · · ∧ (X + Y )n−qY q−1,
g(r) = Y n−1 ∧XY n−2 ∧ · · · ∧Xr−1Y n−r.
To apply Lemma 5.2, we write the vectors e(p), f (q), g(r) by their entries with
respect to the basis {bi}. Note that
(X + Y )n−qXq−kY k−1
= (
(
n− q
0
)
Xn−q +
(
n− q
1
)
Xn−q−1Y + · · ·+
(
n− q
n− q
)
Y n−q)Xq−kY k−1
=
(
n− q
0
)
bk +
(
n− q
1
)
bk+1 + · · ·+
(
n− q
n− q
)
bn−q+k.
Setting
Apqr(T0) =

(
p+r
0
) (
p+r
−1
) · · · ( p+r−q+1)(
p+r
1
) (
p+r
0
) · · · ( p+r−q+2)
...
...
...
...(
p+r
p+r
) (
p+r
p+r−1
) · · · (p+r0 )(
p+r
p+r+1
) (
p+r
p+r
) · · · (p+r1 )
...
...
...
...(
p+r
n−1
) (
p+r
n−2
) · · · (p+rp+r)

,
and using Lemma 5.2, we compute X(p, q, r): for q 6= 0
X(p, q, r) = e(p) ∧ f (q) ∧ g(r)
=
∣∣∣∣∣∣∣
Idp 0
Apqr(T0)
0 Idr
∣∣∣∣∣∣∣
=
∣∣∣∣∣∣∣
(
p+r
p
) · · · ( p+rp−q+1)
...
...
...(
p+r
p+q−1
) · · · (p+rp )
∣∣∣∣∣∣∣
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and X(p, 0, r) = 1 for all p, r.
2.Triangle invariant τρnpqr(T1,∞)
This computation is similar to the case of the triangle invariant of T0. We take a
lifting T˜1 of T1 so that the vartices are ∞, 0 and (ρ(a))−1(1) = −βγ. We set as
E = ξρn(∞), F = ξρn(0) as G = ξρn(−βγ). Then these flags are described by
E(p) = SpanR < X
n−1, Xn−2Y, · · · , Xn−pY p−1 >,
F (q) = SpanR < Y
n−1, XY n−2, · · · , Xq−1Y n−q >,
G(r) = SpanR < (−βγX + Y )n−qXq−1, (−βγX + Y )n−qXq−2Y, · · ·
· · · , (−βγX + Y )n−qY q−1 >,
and nonzero elements in X(p, q, r) are chosen as
e(p) = Xn−1 ∧Xn−2Y ∧ · · · ∧Xn−pY p−1,
f (q) = Y n−1 ∧XY n−2 ∧ · · · ∧Xq−1Y n−q,
g(r) = (−βγX + Y )n−rXr−1 ∧ (−βγX + Y )n−rXr−2Y ∧ · · · ∧ (−βγX + Y )n−rY r−1.
Set
Apqr(T1) =

(
p+q
0
)
(−βγ)p+q (p+q−1 )(−βγ)p+q+1 · · · ( p+q−r+1)(−βγ)n−1(
p+q
1
)
(−βγ)p+q−1 (p+q0 )(−βγ)p+q · · · ( p+q−r+2)(−βγ)n−2
...
...
...
...(
p+q
p+q
)
(−βγ)0 ( p+qp+q−1)(−βγ)1 · · · (p+q0 )(−βγ)p+q(
p+q
p+q+1
)
(−βγ)−1 (p+qp+q)(−βγ)0 · · · (p+q1 )(−βγ)p+q−1
...
...
...
...(
p+q
n−1
)
(−βγ)−r+1 (p+qn−2)(−βγ)−r+2 · · · (p+qp+q)(−βγ)0

.
Therefore, for r 6= 0
X(p, q, r) = e(p) ∧ f (q) ∧ g(r)
=
∣∣∣∣∣∣∣
Idp 0
Apqr(T1)
0 Idq
∣∣∣∣∣∣∣
= (−1)q(r+1)
∣∣∣∣∣∣∣
(
p+q
p
)
(−βγ)q · · · ( p+qp−r+1)(−βγ)q+r−1
...
...
...(
p+q
p+r−1
)
(−βγ)q−r+1 · · · (p+qp )(−βγ)q
∣∣∣∣∣∣∣ ,
and X(p, q, 0) = (−1)q for all p, q.
3.Shearing invariant σρnp (hAB)
We take a lifting of hAB so that the starting and terminal point of hAB are 0
and ∞ respectively, and consider the rectangle whose vertices are ∞,−βγ, 0 and 1
where the point −βγ is the image of the covering translation (ρ(a))−1(1) = −βγ.
Then the shearing invariant of hAB is defined by
σρnp (hAB) = logDp(ξρn(∞), ξρn(0), ξρn(−βγ), ξρn(1)).
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We set E = ξρn(∞), F = ξρn(0), G = ξρn(−βγ) and G′ = ξρn(1). These flags are
concretely given by
E(p) = SpanR < X
n−1, Xn−2Y, · · · , Xn−pY p−1 >,
F (p) = SpanR < Y
n−1, XY n−2, · · · , Xp−1Y n−p >,
G(p) = SpanR < (−βγX + Y )n−pXp−1, (−βγX + Y )n−pXp−2Y, · · ·
· · · , (−βγX + Y )n−pY p−1 >,
G′(p) = SpanR < (X + Y )
n−pXp−1, (X + Y )n−pXp−2Y, · · ·
· · · , (X + Y )n−pY p−1 > .
We may chose nonzero elements as
e(p) = Xn−1 ∧Xn−2Y ∧ · · · ∧Xn−pY p−1,
f (p) = Y n−1 ∧XY n−2 ∧ · · · ∧Xp−1Y n−p,
g(p) = (−βγX + Y )n−pXp−1 ∧ (−βγX + Y )n−pXp−2Y ∧ · · ·
· · · ∧ (−βγX + Y )n−pY p−1,
g′(p) = (X + Y )n−pXp−1 ∧ (X + Y )n−pXp−2Y ∧ · · ·
· · · ∧ (X + Y )n−pY p−1.
Under the basis b1, · · · , bn, the vectors g(1) and g′(1) are presented by their entries
as follows:
g(1) =
(
n− 1
0
)
(−βγ)n−1b1 +
(
n− 1
1
)
(−βγ)n−2b2 + · · ·+
(
n− 1
n− 1
)
(−βγ)0bn,
g′(1) =
(
n− 1
0
)
b1 +
(
n− 1
1
)
b2 + · · ·+
(
n− 1
n− 1
)
bn.
Then we compute Y (p) in Definition 3.4 as follows.
Y (p) = e(p) ∧ f (n−p−1) ∧ g(1)
=
∣∣∣∣∣∣∣∣∣∣
Idp 0
(
n−1
0
)
(−βγ)n−1(
n−1
1
)
(−βγ)n−2
...
0 Idn−p−1
(
n−1
n−1
)
(−βγ)0
∣∣∣∣∣∣∣∣∣∣
= (−1)n−p−1
(
n− 1
p
)
(−βγ)n−p−1
=
(
n− 1
p
)
(βγ)n−p−1.
Similarly Y ′(p) in Definition 3.4 is computed as follows;
Y ′(p) = e(p) ∧ f (n−p−1) ∧ g′(1)
=
∣∣∣∣∣∣∣∣∣∣
Idp 0
(
n−1
0
)(
n−1
1
)
...
0 Idn−p−1
(
n−1
n−1
)
∣∣∣∣∣∣∣∣∣∣
= (−1)n−p−1
(
n− 1
p
)
.
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4.Shearing invariant σρnp (hBC)
This invariant is similarly computed as the invariant σρnp (hAB). We lift hBC to
h˜BC so that the starting and terminal points are 1 and 0, and consider the rectangle
whose vertices are 1,∞, 0 and β/(β + γ) where (ρ(b))−1(∞) = β/(β + γ). We set
E = ξρn(0), F = ξρn(1), G = ξρn(β/(β + γ)) and G
′ = ξρn(∞). These flags are
described by
E(p) = SpanR < Y
n−1, XY n−2, · · · , Xp−1Y n−p >,
F (p) = SpanR < (X + Y )
n−pXp−1, (X + Y )n−pXp−2Y, · · · , (X + Y )n−pY p−1 >,
G(p) = SpanR < (
β
β + γ
X + Y )n−pXp−1, (
β
β + γ
X + Y )n−pXp−2Y, · · ·
· · · , ( β
β + γ
X + Y )n−pY p−1 >,
G′(p) = SpanR < X
n−1, Xn−2Y, · · · , Xn−pY p−1 >,
We choose nonzero elements as
e(p) = Y n−1 ∧XY n−2 ∧ · · · ∧Xp−1Y n−p,
f (p) = (X + Y )n−pXp−1 ∧ (X + Y )n−pXp−2Y ∧ · · · ∧ (X + Y )n−pY p−1,
g(p) = Y n−1(
β
β + γ
X + Y )n−pXp−1 ∧ ( β
β + γ
X + Y )n−pXp−2Y ∧ · · ·
· · · ∧ ( β
β + γ
X + Y )n−pY p−1,
g′(p) = Xn−1 ∧Xn−2Y ∧ · · · ∧Xn−pY p−1.
The vectors g(1) and g′(1) are presented by their entries as follows:
g(1) =
(
n− 1
0
)
(
β
β + γ
)n−1b1 +
(
n− 1
1
)
(
β
β + γ
)n−2b2 + · · ·+
(
n− 1
n− 1
)
(
β
β + γ
)0bn,
g′(1) = b1.
Setting
Bp =

(
n−p
0
) (
n−p
−1
) · · · ( n−p−p+1)(
n−p
1
) (
n−p
0
) · · · ( n−p−p+2)
...
...
...
...(
n−p
n−p
) (
n−p
n−p−1
) · · · (n−p0 )(
n−p
n−p+1
) (
n−p
n−p
) · · · (n−p1 )
...
...
...
...(
n−p
n−1
) (
n−p
n−2
) · · · (n−pn−p)

,
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we compute Y (p), Y ′(P ) which we want as follows: for p 6= n− 1,
Y (p) = e(p) ∧ f (n−p−1) ∧ g(1)
=
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0
(
n−1
0
)
(
β
β + γ
)n−1(
n−1
1
)
(
β
β + γ
)n−2
Bn−p−1
...
Idp
(
n−1
n−1
)
(
β
β + γ
)0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= (−1)(n−p)p
∣∣∣∣∣∣∣∣∣∣
(
p+1
0
) · · · ( p+1−n+p+2) (n−10 )( ββ + γ )n−1
...
...
...(
p+1
n−p−1
) · · · (p+11 ) ( n−1n−p−1)( ββ + γ )p
∣∣∣∣∣∣∣∣∣∣
.
and Y (n− 1) = (−1)n−1(n−10 )( ββ + γ )n−1. Similarly for p 6= n− 1,
Y ′(p) = e(p) ∧ f (n−p−1) ∧ g′(1)
=
∣∣∣∣∣∣∣∣∣
0 1
0
Bn−p−1
...
Idp 0
∣∣∣∣∣∣∣∣∣
= (−1)np+n+1
∣∣∣∣∣∣∣
(
p+1
1
) · · · ( p+1−n+p+3)
...
...(
p+1
n−p−1
) · · · (p+11 )
∣∣∣∣∣∣∣ ,
and otherwise Y ′(n− 1) = (−1)n−1.
5.Shearing invariant σρnp (hCA)
This computation is also similar to the above computation. We lift hCA to h˜CA
so that the starting and terminal points are ∞ and 1, and consider the rectangle
whose vertices are 1, 0,∞ and α2βγ + 1 where (ρ(a))(0) = α2βγ + 1. We set
E = ξρn(1), F = ξρn(∞), G = ξρn(α2βγ + 1) and G′ = ξρn(0). Then these flags are
given by
E(p) = SpanR < (X + Y )
n−pXp−1, (X + Y )n−pXp−2Y, · · · , (X + Y )n−pY p−1 >,
F (p) = SpanR < X
n−1, Xn−2Y, · · · , Xn−pY p−1 >,
G(p) = SpanR < ((α
2βγ + 1)X + Y )n−pXp−1, ((α2βγ + 1)X + Y )n−pXp−2Y, · · ·
· · · , ((α2βγ + 1)X + Y )n−pY p−1 >,
G′(p) = SpanR < Y
n−1, XY n−2, · · · , Xp−1Y n−p > .
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We choose nonzero elements as
e(p) = (X + Y )n−pXp−1 ∧ (X + Y )n−pXp−2Y ∧ · · · ∧ (X + Y )n−pY p−1,
f (p) = Xn−1 ∧Xn−2Y ∧ · · · ∧Xn−pY p−1,
g(p) = ((α2βγ + 1)X + Y )n−pXp−1 ∧ ((α2βγ + 1)X + Y )n−pXp−2Y ∧ · · ·
· · · ∧ ((α2βγ + 1)X + Y )n−pY p−1,
g′(p) = Y n−1 ∧XY n−2 ∧ · · · ∧Xp−1Y n−p.
The vectors g(1) and g′(1) are presented by their entries as follows:
g(1) =
(
n− 1
0
)
(α2βγ + 1)n−1b1 +
(
n− 1
1
)
(α2βγ + 1)n−2b2 + · · ·+
(
n− 1
n− 1
)
(α2βγ + 1)0bn,
g′(1) = bn.
Then we compute Y (P ) and Y ′(P ) as follows: for p 6= 0
Y (p) = e(p) ∧ f (n−p−1) ∧ g(1)
=
∣∣∣∣∣∣∣∣∣
Idn−p−1
(
n−1
0
)
(α2βγ + 1)n−1(
n−1
1
)
(α2βγ + 1)n−2
Bp
...
0
(
n−1
n−1
)
(α2βγ + 1)0
∣∣∣∣∣∣∣∣∣
= (−1)np
∣∣∣∣∣∣∣
(
n−p
n−p−1
) · · · ( n−pn−2p) ( n−1n−p−1)(α2βγ + 1)p
...
...
...(
n−p
n−1
) · · · (n−pn−p) (n−1n−1)(α2βγ + 1)0
∣∣∣∣∣∣∣
and Y (0) = 1. Similarly, for p 6= 0
Y ′(p) = e(p) ∧ f (n−p−1) ∧ g′(1)
=
∣∣∣∣∣∣∣
Idn−p−1 0
Bp
0 1
∣∣∣∣∣∣∣
= (−1)np
∣∣∣∣∣∣∣
(
n−p
n−p−1
) · · · ( n−pn−2p)
...
...
...(
n−p
n−2
) · · · ( n−pn−p−1)
∣∣∣∣∣∣∣
and Y ′(0) = 1.
We summarize the result of the computation.
Theorem 5.3. The Bonahon-Dreyer coordinate of the n-Fuchsian representations
[ρn] in the Hitchin component Hitn(P ) is explicitly described by using α, β, γ which
are the parameters of the Fuchsian representations in Proposition 5.1 as follows.
• The shearing invariant σρnp (hAB)(1 ≤ p ≤ n− 1)
σρnp (hAB) = log−
YhAB (p)
Y ′hAB (p)
· Y
′
hAB
(p− 1)
YhAB (p− 1)
where
YhAB (p) =
(
n− 1
p
)
(βγ)n−p−1,
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Y ′hAB (p) = (−1)n−p−1
(
n− 1
p
)
.
• The shearing invariant σρnp (hBC)(1 ≤ p ≤ n− 1)
σρnp (hBC) = log−
YhBC (p)
Y ′hBC (p)
· Y
′
hBC
(p− 1)
YhBC (p− 1)
where
YhBC (p) = (−1)(n−p)p
∣∣∣∣∣∣∣∣∣∣
(
p+1
0
) · · · ( p+1−n+p+2) (n−10 )( ββ + γ )n−1
...
...
...(
p+1
n−p−1
) · · · (p+11 ) ( n−1n−p−1)( ββ + γ )p
∣∣∣∣∣∣∣∣∣∣
if p 6= n− 1 and YhBC (n− 1) = (−1)n−1
(
n−1
0
)
(
β
β + γ
)n−1,
Y ′hBC (p) = (−1)np+n+1
∣∣∣∣∣∣∣
(
p+1
1
) · · · ( p+1−n+p+3)
...
...(
p+1
n−p−1
) · · · (p+11 )
∣∣∣∣∣∣∣
if p 6= n− 1 and Y ′hBC (n− 1) = (−1)n−1.• The shearing invariant σρnp (hCA)(1 ≤ p ≤ n− 1)
σρnp (hCA) = log−
YhCA(p)
Y ′hCA(p)
· Y
′
hCA
(p− 1)
YhCA(p− 1)
where
YhCA(p) = (−1)np
∣∣∣∣∣∣∣
(
n−p
n−p−1
) · · · ( n−pn−2p) ( n−1n−p−1)(α2βγ + 1)p
...
...
...(
n−p
n−1
) · · · (n−pn−p) (n−1n−1)(α2βγ + 1)0
∣∣∣∣∣∣∣
if p 6= 0 and YhCA(0) = 1,
Y ′hCA(p) = (−1)np
∣∣∣∣∣∣∣
(
n−p
n−p−1
) · · · ( n−pn−2p)
...
...
...(
n−p
n−2
) · · · ( n−pn−p−1)
∣∣∣∣∣∣∣
if p 6= 0 and Y ′hCA(0) = 1.• The triangle invariant τρnpqr(T0,∞)(p, q, r ≥ 1 s.t. p+ q + r = n)
τρnpqr(T˜0,∞) = log
XT0(p+ 1, q, r − 1)
XT0(p− 1, q, r + 1)
· XT0(p, q − 1, r + 1)
XT0(p, q + 1, r − 1)
· XT0(p− 1, q + 1, r)
XT0(p+ 1, q − 1, r)
where
XT0(p, q, r) =
∣∣∣∣∣∣∣
(
p+r
p
) · · · ( p+rp−q+1)
...
...
...(
p+r
p+q−1
) · · · (p+rp )
∣∣∣∣∣∣∣
if q 6= 0 and XT0(p, 0, r) = 1 for all p, r.
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• The triangle invariant τρnpqr(T1,∞)(p, q, r ≥ 1 s.t. p+ q + r = n)
τρnpqr(T˜1,∞) = log
XT1(p+ 1, q, r − 1)
XT1(p− 1, q, r + 1)
· XT1(p, q − 1, r + 1)
XT1(p, q + 1, r − 1)
· XT1(p− 1, q + 1, r)
XT1(p+ 1, q − 1, r)
where
XT1(p, q, r) = (−1)q(r+1)
∣∣∣∣∣∣∣
(
p+q
p
)
(−βγ)q · · · ( p+qp−r+1)(−βγ)q+r−1
...
...
...(
p+q
p+r−1
)
(−βγ)q−r+1 · · · (p+qp )(−βγ)q
∣∣∣∣∣∣∣
if r 6= 0 and XT1(p, q, 0) = (−1)q for all p, q.

5.3. Remarks on the triangle invariants. We give some remarks on the triangle
invariants for n-Fuchsian representations. Recall that the flag curve associated to
n-Fuchsian representation ρn = ιn ◦ ρ is the composition of the developing map
devρ corresponding to the Fuchsian representation ρ with the map ξ : ∂∞H2 →
Flag(Rn) defined in the beginning of Section 5.2. By definition of the irreducible
representation ιn and the map ξ, it follows that ιn(A)·ξ = ξ◦A for anyA ∈ PSL2(R).
Since the triple ratio is invariant under the action of projective automorphism, we
obtain the relation
Tpqr(ξ ◦A(x1), ξ ◦A(x2), ξ ◦A(x3)) = Tpqr(ιn(A)ξ(x1), ιn(A)ξ(x2), ιn(A)ξ(x3))
= Tpqr(ξ(x1), ξ(x2), ξ(x3))
for any A ∈ PSL2(R) and any triple (x1, x2, x3) of points in ∂∞H2. Note that
the diagonal action of PSL2(R) on the ordered triple (∂∞H2)(3), the set of triples
of pairwise-distinct points of ∂∞H2 in clockwise ordering, is transitive. In par-
ticular for any triple (x1, x2, x3) ∈ (∂∞H2)(3) there exists A ∈ PSL2(R) so that
A · (x1, x2, x3) = (∞, 1, 0).
Proposition 5.4. For any triple (x1, x2, x3) ∈ (∂∞H2)(3), Tpqr(ξ(x1), ξ(x2), ξ(x3)) =
Tpqr(ξ(∞), ξ(1), ξ(0)).
Corollary 5.5. The triangle invariant τρnpqr(T, v) of [ρn] ∈ Fuchn(S) always equals
to log Tpqr(ξ(∞), ξ(1), ξ(0)), and this value agrees with the following one which is
computed in Theorem 5.3.
log
XT0(p+ 1, q, r − 1)
XT0(p− 1, q, r + 1)
· XT0(p, q − 1, r + 1)
XT0(p, q + 1, r − 1)
· XT0(p− 1, q + 1, r)
XT0(p+ 1, q − 1, r)
.
Proof. We denote the vertices of the ideal triangle T by v, v′ and v′′ which are
in clockwise ordering. Let [ρn] = [ιn ◦ ρ] ∈ Fuchn(S) and devρ be the associated
developing map. Since (devρ(v),devρ(v
′),devρ(v′′)) ∈ (∂∞H2)(3),
τρnpqr(T, v) = log Tpqr(ξ(devρ(v)), ξ(devρ(v
′)), ξ(devρ(v′′)))
= log Tpqr(ξ(∞), ξ(1), ξ(0)),
and we computed this value in theorem 5.3.

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